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Here we solve an open problem considered by various researchers by presenting the first
explicit constructions of an infinite family F of bounded-degree ‘unique-neighbor’ concen-

trators I'; i.e., there are strictly positive constants o and €, such that all I' = (X,Y, E(I"))

€ F satisfy the following properties. The output-set Y has cardinality % times that of

the input-set X, and for each subset S of X with no more than «|X]| vertices, there are
at least €|S| vertices in Y that are adjacent in I" to exactly one vertex in S. Also, the

construction of F is simple to specify, and each I' € F has fewer than m edges. We
then modify F to obtain explicit unique-neighbor concentrators of maximum degree 3.

1. Introduction

We call a bipartite graph I" = (I,0,FE), where |I| = N, and |O| is less
than (1 —¢)|I| for some absolute constant ¢ > 0, a («,€)-unique-neighbor
concentrator if, for each subset S of I such that |S| < «|l|, there are at
least €|S| vertices in O that are adjacent to exactly one vertex in S. (Call
I the input-set of I' and O the output-set of I'.) Unique-neighbor concen-
trators are useful in the construction of self-routing networks (see [2], [9]).
However, or any strictly positive « and €, the construction of an infinite
family of bounded-degree (a,€)-unique neighbor concentrators has been an
open question (see [2], [9]), perhaps because the ‘second-largest eigenvalue’
method, which has been the main tool used in guaranteeing the expansion
properties of a graph, does not appear to be strong enough to prove that

Mathematics Subject Classification (2000): 05C35
* Supported by NSF grant CCR98210-58 and ARO grant DAAH04-96-1-0013.

0209-9683/105/$6.00 (©2005 Jdnos Bolyai Mathematical Society



380 MICHAEL CAPALBO

an infinite family of bounded-degree graphs are unique-neighbor concentra-
tors (see [5]). However, here we answer this open question by presenting for

strictly positive constants « and €, an explicit infinite family F of bounded-

degree unique-neighbor concentrators, I' = (X,Y, E(I")), where | X| = %

The construction of each I'=(X,Y, E(I")) € F is an appropriately defined,
simple graph product of a certain ‘small’ bipartite graph H with a ‘large’
graph A that has | X| edges, and is in a certain explicit infinite family H.
The graph H is a bipartite graph that has 44 vertices on one side, 21 on the
other, and a simple algebraic construction, while H is an infinite family of
44-regular Ramanujan graphs constructed in [6] and [7]. To show that each
I'e F is indeed a unique-neighbor concentrator, we first present properties
of A that were established by N. Kahale [5], whose analysis uses the ‘second
eigenvalue’ method. We later present and establish properties of H. Then we
show that the combined properties of A and H guarantee that I is indeed
as claimed.

This work here is related to the work presented in [3], where the authors
construct infinite families of unbalanced expanders of degree K (K fixed)
and linear expansion (1—¢€)K, where the output side can be any constant
fraction smaller than the input. However, we believe the constructions in this
paper are of sufficient independent interest. The degrees of the constructions
here are much lower, and the specifications are much simpler. Here we use
only simple algebraic graph constructions that have been in the literature
since the mid 1980’s. The very recent extractor constructions that we use in
[3] are not used at all here.

We now describe the layout of the rest of this paper. In § 2 we present
and analyze H and H. Then in § 3 we use H and H to construct F. We then
analyze F using the properties of H and H presented in § 2, and conclude
that F is an infinite family of unique-neighbor expanders. In § 4 we lower
the maximum degree to 3.

We now specify notation. First, for each positive integer ¢, let Z? denote
the set of vectors with ¢ coordinates, where each coordinate is an integer.
Next, all graphs in this paper are undirected and simple. Also, for every
integer g > 2, we define a ¢+ 1-regular graph A to be Ramanugan if all but
one of the eigenvalues of the adjacency matrix of A are no larger than 2,/g.

2. Auxiliary constructions

In this section, we present and analyze H and H, used in the construction

of § 3.
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Theorem 2.1. Let H be the infinite family of 44-regular Ramanujan
graphs. Then there exists strictly positive constants « and e such that, for
any A= (V,E) € H, and any subset E' of E such that |E’'| < «|E|, there
are at least €|E'| vertices in A that are incident to at least 1, but no more
than 7, edges in FE'.

Theorem 2.1 is a direct corollary of the following theorem, proved by
N. Kahale [5].

Theorem 2.2 ([4], [5]). Let A = (V,E) be a k-regular Ramanujan graph.
Then for all e >0, and for any nonempty subset X of size at most k*1/€]V|,
the average degree d of A[X] satisfies

(1) d< (1+VE—1)(1+O0(e)).

The next graph H that we present is a modified graph from that con-
structed in [1].

Proposition 2.3. Let H=(W,T,Ey) be the bipartite graph with parts W
={wy,...,wa3} and T = {tg,....,ta0}, where w, is adjacent to t, in H if and
only if either (I) or (II) holds.

(I) /<24, and either (a) t=20, or (b) {%J L[] = ¢~ (mod 5).

(II) / >25, and /' —25=0.

Then, if U is any nonempty subset of W that has no more than 7 vertices,
there is at least one vertex in T that is adjacent in H to exactly one vertex

inU.

We defer the proof of Proposition 2.3 to Appendix I.

3. Construction and analysis of F

We construct an infinite family F of unique-neighbor concentrators in the
following fashion. Let H be an infinite family of 44-regular Ramanujan
graphs explicitly constructed in [6,7], and let A = (V,E) be a graph in
H. Let H, W, and T be as in Proposition 2.3, where W is designated the
input-set of H, and T the output-set of H. From A and H we construct
a bipartite graph I' where one side has |E| vertices. Then we prove Theo-
rem 3.1, which claims that I" is indeed a bounded-degree unique-neighbor
concentrator, thereby constructing F.

First, let X ={xz,|y€ E} be a set of N =|E| vertices, and for each v €V,
let X, be the subset of X where X, ={z|E>vy3v}; since A is 44-regular,
| X, | is 44 for each v € V. Then, let {H,|v €V}, be a collection of |V| graphs
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each isomorphic to H such that (1) for each v €V, the input-set of H, (the
set of vertices of H, that map to W in the isomorphism to H) is X,, and
(2) the output-sets of the H,’s are disjoint from X and from each other.

Then I' is the graph with vertex-set U,eyV(H,), and with edge-set
UpevE(H,). The input-set of I' is X, and the output-set Y of I" is the
(disjoint) union of the output-sets of the H,’s.

First, since A is 44-regular, |E| = |X| = 22|V|, whereas |Y| =21 x |V|
(indeed, 21 vertices in the output-set of each H,, and |V| such v), so indeed
| X| = % So we next prove that, for each subset S of X such that |S| is
no larger than «|X]|, there are at least ¢|S| vertices in Y that are adjacent
in I" to exactly one vertex in S, where o and € are as in Theorem 2.1. We
then prove that I has maximum degree 25. Then Theorem 3.1 stated below
will follow.

First, let Y, denote the output-set of H,, for each vertex v e V(A4). We
note two things.

(A) Each edge in I" incident to a vertex in Y, is also incident to a vertex
in X,.

(B) The induced subgraph of I" on X, UY, is isomorphic to H, where
X, maps to W, and Y, maps to T

Now, let S” be the set {y € E|zy, € S}. Then S’ and S have the same
cardinality, and furthermore, for each vertex v € V, the number of edges
of S" incident to v is the quantity | X, NS|. So if we set @ to be the set
of vertices v € V such that v satisfies 1 <|X, NS| <7, then |Q] is at least
€|S’| =¢€|S|, by Theorem 2.1. Furthermore, by (B) and Proposition 2.3, for
each v € @), there is at least one vertex v, € Y, that is adjacent in I" to
exactly one vertex in X,,NS (because X, NS satisfies 1 <|X,NS| <7 for each
ve @) and, by (A), v, is also adjacent in I" to exactly one vertex in all of
S. Therefore, since the Y, are disjoint, there are at least |Q|> €|S| vertices
in Y that are adjacent in I" to exactly one vertex in S (indeed, consider the
set {v,|v € Q}). So for any subset S of X of no more than «|X| vertices,
there are at least €|S| vertices in Y that are adjacent in I" to exactly one
vertex in S.

Thus, we now bound the maximum degree of I', and then Theorem 3.1
will follow. From (A) and (B), each vertex in X has degree no more than
2x5 = 10, since each z, € X is in exactly two X, (namely, v is one of two
endpoints of v), and each vertex in W has degree at most 5 in H. Similar
lines of reasoning can be used to show that each vertex in Y has degree at
most 25 in I', and that there are no more than m < 7| X edges in I

We have proved the following theorem.
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Theorem 3.1. I' = (X,Y,E(I")) is an («,€)-unique-neighbor concentrator
with input set X and output set Y, where « and € are as in Theorem 2.1. |

In fact, we can give an algebraic construction of the I' € F as H is
constructed in [6]. We present this construction of I" by presenting the con-
struction of H= {As,..., A;,Aj11,...}, in turn by presenting, for any integer
[ greater than 3, the construction of A;, which has [PGLy(Z/17'Z)]| vertices.
First, let us write the group PGLy(Z/17'Z) as V. Then V(4;) is V}, so we
next specify E(A;). To do this, first let X be the set of 44 elements of Z*
where, an element s of Z* is in X if and only if the 4 coordinates of s, writ-
ten as ai, ag, as, ay, are such that (1) a3 +a3+a3+a3=43; (2) ag, as, and
a4 are odd and as is positive. Then let g; be a square root of —1 in the ring
Z/17'Z (we can find such a g in O(I?) time). Next let X7 be the set of 44
matrices in V; such that 7 is in Y] if and only if there exists an s in X' such
that
(2) o (7&1 + Teasy Tas + 76&4) ,

—a3 +¢eaqs ay — eas

where a1, as, a3, and a4 are the 4 coordinates of s.

Then V(4;) is the set V;, and v and v/ are adjacent in A; if and only if
there is a m € X} such that v/ = 7v. So from the algebraic construction of
A; follows the algebraic construction of each A;€H, from which follows the
algebraic construction of each I} € F. Indeed, first write X} = {m,...,ma3}.
Then the parts of I are X; and Y}, where X;=F(4;), and Y, :f/lx{(), ...,20}.
Then for each t€{0,...,19} and each v € V,, the set of vertices of X adjacent
to each (v,1) €Y] is the set {{v,m v}|/ satisfies either
(a) /=1+24, or
(b) /' €{0,...,24} and // — =L ]| 4] (mod 5) }.

While the set of vertices in X; adjacent to (v,20) €Y is the set {{v, 7 v}/ €

{0,...,24}}.

In fact, we can algebraically construct a larger family F of unique-
neighbor concentrators, such that, for each N’ sufficently large, a graph
I" € F such that the input set of I" is no larger than %JIV’, and no smaller
than N’. This enables us to construct routing networks from our concen-
trators, using (with slight modification) the techniques in [2]. Fix a ¢ that
is any prime that is distinct from 17, and of the form ¢ =4a -+ 1, where a
is a positive integer (such as, say, ¢=5), and then let /3 and ls be nonneg-
ative integers such that lo is at least 4. The construction carries through
analogously in the ring in the ring Z/17¢"2Z Z/17'Z as it does in the ring
Z/17h ¢ Z.
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4. Valence-3 unique-neighbor concentrators

In this section, we present an explicit infinite family F’ of unique-neighbor
concentrators of maximum degree 3, constructed from the family F of
unique-neighbor concentrators that we constructed in § 3. We do this in
the following fashion. Let I'=(X,Y, E(I")) be an arbitrary graph in F with
parts X and Y, and for each vertex v €V (I"), let 7, be an arbitrary bijec-
tion from the set of positive odd integers less than 2N ({v}), to Np({v}),
where Np({v}) is the set of vertices of V(I") that are adjacent in I" to v. We
construct from I" and {7, } a bipartite graph I'" = (X", Y',E(I"")) € F with
parts X’ and Y’, where |X'| = 2|E(I")| — |Y|, and |Y'| = 2|E(I)| — |X|.
We then show that I is unique-neighbor expander by proving Theorem 4.1.
The vertex-set V/(I"') of I is {v,,| veV(I"), and ¢ € [|2NF({v})|—1]}.
Then v, and v;; are adjacent in I'" if and only if either
(1) v=0, and ie{e+1,.—1}, or
(2) ¢ and ¢ are both odd, and 7,(¢:) =0, and 74(f) =wv.
The input and output sets of I are X’ and Y, respectively, where X' =
{vy, € V(I")| either (1) ve X, and ¢ is odd, or (2) veY, and ¢ is even},
and Y/ = V(I'")\ X'.

(For ease of notation, we sometimes write |[Np({v})| as dr(v).) To specify
the construction of I in another way, we expand each v € V(I") to a path
Xv of 26 (v) —1 vertices, and add an edge between x, and x, if and only
if x and y are adjacent in I', such that exactly every other vertex, starting
with the endpoints, of x,, is incident to exactly one of these edges not in
Xv (and the remaining vertices of y, aren’t incident to any edges outside of
Xuv), for every v€V(I"). The resulting graph is I".

Then X' is the set of vertices that are either (a) in y,, for some z € X,
and are incident to an edge outside of x, or (b) in xy, for some y €Y, and
are not incident to an edge outside of x,. The other part Y’ is the remaining
set, of vertices.

It is easy to check that the maximum degree of I is indeed 3. Also, it
is not hard to check that X’ and Y’ are indeed independent. Also, | X'| =
S oex 01 (@) + Xyey 6r(y) — 1 = 2|E(T)| - Y], while [Y'| = 2|B(T)| | X].
We've established in the last section that |E(I")| is no larger than 7|X|, and
that |Y'| is equal to %, so | X'| is at least 313}1‘3)/‘
theorem.

. We state the following

Theorem 4.1. I" is a (§, 577 )-unique neighbor concentrator, where a and
€ are as in Theorem 3.1, and has maximum degree 3.

We prove Theorem 4.1 in Appendix II.
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5. Appendix I: Proof of Proposition 2.3

Proof. Let W’ denote the subset of W consisting of the 25 vertices w,;
(' <24. Then if UNW' contains exactly one vertex w, then w is the only
vertex in U adjacent in H to tgg. Also, if UNW' is empty, then there are |U|
vertices in T" adjacent to exactly one vertex in U since the induced subgraph
of H on (W\W')UT is a matching that saturates W\W’. So we now assume
that [UNW'| is at least 2. We then show that there are at least 8—|UNW’|
vertices in T that are adjacent to exactly one vertex in U NW’. Since each
vertex in W\ W' is adjacent to only one vertex in T', Proposition 2.3 will
follow.

For all nonnegative integers ¢ no larger than 24, set a, = [£], and for
every graph G and every subset U of V(G), let us write the set of vertices of
U adjacent to at least one vertex of G as Ng(U). Then, for each nonnegative
integer ¢/ no larger than 24, we may think of Ny ({w,})\{t20} as the ‘line’
that contains precisely the points t,; ¢ satisfies both a,, €{0,1,2,3}, and =
/' +a,a, , where addition and multiplication done in the 5-element field Fj.
Thus, if we prove the following lemma, then we have shown that there are
at least 8 — [UNW'| vertices in T that are adjacent to exactly one vertex in
UNW’ if [UNW'| is at least 2, and Proposition 2.3 will then follow.
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Lemma 5.1. Let T be a set of 20 points of the form (a,b); a€ F5\{4}; b€ F5,
and let W' be the set of 25 lines, each line parameterized by the ordered pair
(a',b); a b € F5, where the line parameterized by (a’,b') contains points in
T' precisely of the form (a,b):b=10V +aa’, where all operations are done in
the field F5. Next, for any subset U of W' and any point peT’, let oy (p)
be the number of lines l € U such that pe€l. Now let U' be any subset of at
least 2 lines of W'. Then there are at least 8—|U’| points p in T" such that

oy (p) Is exactly 1.

Proof. For each j=0,1,2,3, let A; denote the set of 5 points of 7" of the
form (4,b), where be F5. So each line in W intersects each A; exactly once.
These three facts will be useful.

Fact 1. Let [ and !’ be distinct lines in W’. Then [ and !’ intersect at most
1 point in T".

Fact 2. Suppose that [ and I’ intersect at Ay, and let o be the element in
Fy such that [ intersects A; at (1,a), and I’ intersects A; at (1,a+0). Then,
if [ intersects Ag at (2,b), and As at (3,¢), then I intersects Ay at (2,b420),
and As at (3,c¢+30).

Fact 3. Let [y and I3 be distinct lines in W’ that intersect at a point (5',7).
Next, for each j # j/, let (j,7;,1) be the point in A; that is contained by
l1, and let (j,n;2) be the point in A; that is contained by l5. Then, for all
J:3" #3', the equality (5" —5') " (njm 2 —mjm1) = (5 — §') " (nj2 —nj1) holds
(where all operations are done in Fj).

We next use these facts to prove Lemma 5.1 for when |U’| =6 (which
is the hardest). To do this, it suffices to show that there exist two points p
such that ¢y (p) is exactly 1, and we do this next. Now, write the 6 lines of
U’ as l1,l2,13,14,15, and lg. We now break the proof of this lemma for when
|U’'| = 6 into two cases.

Case 1. ¢y (p) <2 for each point peT".

Then, because each line in U’ covers an even number of points, the num-
ber of points p such that p satisfies ¢y (p) =1, is even. Therefore, unless we
are done, we may assume that ¢/ (p) is either 2 or 0 for each p€T’, or in
other words, each point in T” is covered by exactly 2 lines of U’ or none. So
let us assume without loss of generality that I; and [y cover the same point
in Ag, similarily, I3 and [4 also cover the same point in Ay, and I5 and [g
cover the same point in Ay as well. Now, for each i € {1,...,6}, let a; be
the element in Fj such that line [; intersects A; at (1,a;). Next, let us set
012 =az —ay; 034 = a4 —as; and o056 = ag — as. Then, for each 7 =1,2,3
we can use Fact 2 (and the assumption that each point in 7" is covered by
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exactly 2 lines of U’ or none) to glean from the pairs of lines that intersect
at A; an equation of the form

(3) o12+¢€3j034+¢€55056 =0; €3, €55 € {—1,1}.

Furthermore, there exist ji,j2 € {1,2,3} such that either e3;, # €3;,, or

€5,41 7 €5,42-

Indeed, suppose at A1, say, [ intersects l5; I intersects 3, and l4 inter-
sects lg. Then from this we can derive the equation o1 2+034—056=0 (so
€31 is 1 here, and €5 is —1 here). Now suppose that at Ag, say, ; inter-
sects [3; [y intersects lg; and [5 intersects l4. Then from this, and Fact 2, we
may derive the equation 019 —056—034=0 (so €52 is —1 here, and €32 is
—1 here). Now, the assumption that each point in 7" is covered by exactly
2 lines of U’ or none (and Fact 1), guarantees that both e3;, and &5 ; are
in {—1,1}. Furthermore, if €3 is 1 (is —1) and, e5; is 1 [is —1], then [y
intersects either [5 (either lg), or I3 [or l4] at A;. This and Fact 1 imply that
there indeed exist ji,j2 € {1,2,3} such that either €3 ; #e3 j,, or €5, #€5.5,
(otherwise [y would intersect the same line at least two distinct points in
A1UAU Ag) .

However, observe that the only way that o1 2, 034, and 056 could simul-
taneously solve two distinct equations of the form given by (3) is if at least
one of 0192, 034, 056 is 0. But that would be impossible by Fact 1 (e.g., if
01,2 is 0, then Iy and Il would intersect at both Ay and A;). So there is no
way that every point in 7" can be covered by exactly 2 lines of none of U’.
So there must be at least 2 points p such that @y (p) is exactly 1 (since
wp(p) is no larger than 2 by assumption of Case 1), and so we are done
with Case 1.

7j27

Case 2. There exists a point p’ in T" where ¢y (p’) > 3.
We break Case 2 up into two cases.

Subcase 2-1. ¢y (p') is exactly 3. Then let Iy, Iz, and I3 be the lines in
U’ that contain p’. Furthermore, by Fact 1, I1,ls, and I3 cover 3 distinct
points in A; for each j € F5\{4,;'}, so assume that (A) l4 and I5 intersect
in Ajr (lest there are two points p in Aj such that oy (p) is exactly 1,
and then we are done). We may now assume that (A) both l4 and [5 must
intersect one of li,lp,l3 in Aj, for each j € F5\ {j’,4}, otherwise we are
done. Now fix any j€ F5\{j’,4}, and for each i€ {1,...,6}, write as (j,7;)
the point in A; that intersects [;. Then, for each i1,ip € {1,2,3}, write as
i1, the quantity (1;:, —7;,), and write as 045 the quantity (15 —n;4).
Note that (*) 0y, ,i, = —0i,,i, for each all distinct 41,ip € {1,2,3}, and that
Oy ig + Tig ig + iy i, =0 for all distinct 1,149,453 € {1,2,3}.
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So we now use Fact 3 and Fact 1 to finish Subcase 2-1. Facts 3 and 1 and
(A) imply that (**) 0y, ;, =045 for at least 3 distinct ordered pairs (i1,12).
(Indeed by (A), for each je F5\{j’,4}, there is an i1, i€ {1,2,3} such that
l4 intersects l;; in Aj, and 5 intersects [;, in A;. Fact 3 then implies that
045 =0i, i,. Fact 1 implies that there are |F5\ {4,5'}| =3 distinct ordered
pairs (i1,72), and so (**) follows.) But the only way that all the inequalities
of both (*) and (**) can be simultaneously satisfied is if there exists two
distinct 4,42 € {1,2,3} such that o, ;, is 0, which is impossible by Fact 1
(i.e., l;; and l;, would then intersect at both A; and A;. So there must exist
a j”’ € F5\{4,j'} such that at least one of l4 and I5 does not intersect any of
l1,l2,l3 in Ajr, and so at least 4 points of Aj» must be covered by a line in
U’, and thus, we are done with Subcase 2-1.

Subcase 2-2. There is a point p'=(j',7") where @y (p") >4. Then for each
JE€F5\{j',4}, the lines of U’ must cover at least 4 points of A;» by Fact 1.
This finishes Subcase 2-2, and thus, Case 2. Thus we have shown that there
are at least 2 points in p€T” where ¢y (p)=1 when |U’|=6.

We now show that Lemma 5.1 holds for when |U’| =7. Suppose it does
not. Then in each Aj;, there are at most 3 points covered by the lines in U’;
since each line intersects each Aj;, there must be at least one point in A;
covered by 3 lines of U’, and another covered in A; by at least 2 lines of U’.
So fix a j € F5\ {4}. Then by mimicking the proof in Subcase 2-1 for when
|U’| is 6, we can see that there is at least one j” € F5\ {4,j'} such that 4
points of A;» are covered by a line in U’, and thus, at least one point p of
those 4 points in Aj» must satisfy ¢r(p) =1, so Lemma 5.1 indeed holds
for when |U’|=T.

The proofs that there are at least 8—|U’| points in T” that are covered by
exactly one line of U’ for the cases when |U’|=2,3,4, and 5 follow the lines
of reasoning used to prove the cases when |U’| is 6 and 7, but are easier, and
will not be given here. Thus, Lemma 5.1 follows. I

Proposition 2.3 follows from Lemma 5.1. |

6. Appendix II: Proof of Theorem 4.1

Before we prove Theorem 4.1, we introduce notation, and then we make
observations that we will use to finish the proof of Theorem 4.1. For each
ze X, let X, denote the set of dp(x) vertices v, ,, where ¢ is odd (so X, is a
subset of X'), and let Y, denote the set of dp(z)—1 vertices v, ,, where ¢ is
even (so Yy is a subset of Y'). For each y €Y', let Y, denote the set of 6, (y)
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vertices v, where ¢ is odd (so Y} is a subset of Y”), and let X denote the
set of 6 (y) —1 vertices v, ,, where ¢ is even (so X, is a subset of X'). Then
the X|’s, where v € V(I'), partition X', and the Y,’s partition Y’. We next
present the observations that we will use.

Observation 1. For any vertex x € X, every vertex adjacent to a vertex in
Y/ is in X/.

Observation 2. Let U be any nonempty subset of XZ//’ where y is an arbi-
trary vertex in Y. Then there are at least 2 vertices in Yy’ that are adjacent
in I to exactly one vertex in U.

(Proof: The induced subgraph of I'" on X, UY} is the path x,, with end-
points vy 1 and vy, 95,.(,)—1, and edges {Vy,,vy,41} for each positive integer ¢
less than 207 (y)—1. So if U is any subset of Y that does not contain either
endpoint of x,, then there are at least 2 vertices in Y, that are adjacent in
I"" to exactly one vertex in U. However, X; is precisely the set containing
every other vertex of y, starting with the neighbors of the endpoints, and
U is a subset of X/ . So indeed Observation 2 follows.)

Observation 3. Let U be any nonempty proper subset of X/, where x is an
arbitrary vertex in X. Then there is at least 1 vertex in Yy’ that is adjacent
to exactly one vertex in U.

The proof of Observation 3 is similar in spirit to that of Observation 2.

Observation 4. Let y and y be distinct vertices in Y. Then there are no
edges in I'" between X and Y.

Having presented Observations 1-4, we next introduce some notation.
Let S’ be an arbitrary subset of X’ of cardinality no greater than a‘g(".
Then let Qg denote the set of vertices x € X where S'NX, = X/, and let S),
denote the set of vertices 2’ € S contained in some X, where z € Q. Let 5]
denote the vertices of S’ in some X/, where x € X \ Qo, and let S} denote
the set of vertices in some X, where y €Y. So S, 57, and S5 partition S".

We next prove the following lemma.

Lemma 6.1. The number [ of vertices in Y' adjacent to exactly one vertex
in S’ is at least max{dlio(’" — 3511, %i, % — 3(|Sp1+1511) }-

Proof.

Claim 6.1.1. [ is at least €|1S06| — 3|51
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Proof. We first claim that (a) the number of vertices in Y’ adjacent to

exactly one vertex in Sj is at least |1 al Indeed, let z € X and y € Y be
vertices in I'. Then by construction of F there is exactly one edge in I
from X to Yy’ if and only if v and y are adjacent, otherwise there are no
edges. So if we let @@ be the set of vertices in Y that are adjacent in I" to
exactly one vertex in g, then, for each y € ), there is exactly one edge in
I between Y, and Uyeq, X, = Sj. This implies that, for each y € Q, there is
exactly one vertex y; in Yy’ that is adjacent to at least one vertex in S{), and
that y; is also adjacent to exactly one vertex in Sj. So to show (a), all we

need to show is that |Q| is at least ‘ 0‘ . However, by Theorem 3.1, @ is at
least €|Qo|. Indeed, we first claim that ]Q()] is no larger than «|X]|. Slnce |57

is no larger than & ‘ 1. it follows that (i) [Sh| < 2] X|, since | X'| = 2|E(T)|
— |Y] is no larger than 14| X1, and S, C S’ But (ii) |Qo| < @ since each
vertex in X has degree at least 2 in I' (and so |X.|=|S"NXL|=[S;NX.]
is at least 2). So by (i) and (ii), |Qo| is no larger than «|X|. So (iii) |Q] is

indeed at least €|Qo|, by Theorem 3.1. So we now use (iii) to show that |Q|
\5 |

is at least <0, However, |Sp| is no larger than 10|Qo|, because each vertex
in X has degree at most 10 in I" (and so | X/| is no larger than 10), so |Q)|
is indeed at least 6‘1%0‘, and so (a) follows.

Having proved that the number of vertices in Y’ adjacent to exactly one

vertex in S( is at least E‘lio(,", we next show that (b) the number of vertices

in Y’ adjacent to exactly one vertex in SHUS} is at least l 0‘ . However, (b)
follows from Observations 2 and 4. Indeed, let y be an arbltrary vertex in @,
where @) is as in the above paragraph. We claim that (b’) there is at least
one vertex in Y, that is adjacent to exactly one vertex in SjU.S5. Indeed,
we’ve already established in the above paragraph that there is exactly one
vertex y,, in Y, that is adjacent to at least one vertex in Sp, and that y,, is
also adjacent to exactly one vertex in Sj. So if S5N X, is empty, then (b’)
follows from Observation 4. However, suppose S5NY, = U’ is nonempty.
Then by Observation 2, there is at least 2 vertices ¥ ,,v5,, in Y, adjacent
to exactly one vertex in U’, so there is at least one vertex in Y; adjacent
to exactly one vertex in SHUU’ (take the one of {y ,,v5,} that is distinct
from y;). So (b’) follows here as well by Observation 4, since no vertex in
Y, is adjacent to any other vertex in S5\ U’ by Observation 4. So indeed,
(b) follows from (b’).

Claim 6.1.1 follows from (b), and the fact that the maximum degree of
I is 3.

Claim 6.1.2. [ is at least % — 3(]S11+1S4D)-
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Proof. Let |Q2| be the set of vertices y €Y such that X, is nonempty (so S5
is the set of vertices '€ X' such that 2’ is also in some X}, for some y € Q2).
By Observation 2, there are at least 2|Q2| vertices in Y’ adjacent to exactly
one vertex in S). Since each vertex in Y has degree no larger than 25 in I’
|X;| is no larger than 24 for each such y €Y, so 24|Q2] is at least [95]. So

there are at least % vertices in Y’ that are adjacent to exactly one vertex
in S%. Since each vertex in I has degree at most 3, Claim 6.1.2 follows.

|51

Claim 6.1.3. [ is at least 91 .

Proof. Let 1 be the set of vertices x of X where S{N X/ is nonempty. By
Observation 3, for each z € Q1, there is at least one vertex y/, in Y, that is
adjacent to exactly one vertex in S1NX.. However, by Observation 1, that
vertex y/, is also adjacent to exactly one vertex in S’. So there are at least
|Q1| vertices in Y’ adjacent to exactly one vertex in S’. However, each vertex
in X has degree at most 10 in I", so by definition of S7, there can be at most

9 vertices in X/ NS’ for each x€Q1, so |Q1] is at least ‘%J. So Claim 6.1.3,
and thus Lemma 6.1, follows. ]

For every positive €, and any nonnegative real numbers ag,a1, and as,
observe that the quantity max{ ¢ —3a1, G, 13 —3(ao+a1)} is at least -,
where a = ag+ aj +as. So from Lemma 6.1, we can conclude that I is a

(G 57 )-unique neighbor concentrator, and Theorem 4.1 follows. |
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